I. INTRODUCTION
The unstable nonlinear Schrödinger ͑UNLS, for short͒ equation was introduced in plasma physics 1,2 to describe the nonlinear modulation of a high frequency mode in electron beam plasma such as a system where an electron beam is injected under high frequency electric field. This equation may be considered as a prototype amplitude equation for the soliton phenomena in an unstable system. It also describes the nonlinear modulation of waves in Rayleigh-Taylor problem. 3 The UNLS equation can be expressed as iu x ϩu tt ϩ2͉u͉ 2 uϭ0, ͑1͒
where t and x are time and space coordinate.
Interchange of x and t in ͑1͒ leads to the conventional stable nonlinear Schrödinger ͑SNLS, for short͒ equation. Since the SNLS equation has been proved to be a completely integrable system, 4, 5 it has been solved by using the inverse scattering transform ͑IST͒. Soliton solutions for the UNLS equation can be obtained by simply interchanging x and t from the soliton solutions for the SNLS equation. The UNLS equation has also been generally solved, by a similar IST, including the contribution of continuous spectrum of the spectral parameter, 2, 6 which is necessary in developing a perturbation theory for the UNLS equation with perturbations. To have some insight into the physical significance of the UNLS equation and to have an effective method to study practical problems, it is necessary to consider the UNLS equation with perturbations, 7 iv x ϩv tt ϩ2͉v͉ 2 vϭ⑀r͓v͔, ͑2͒
where ⑀ is a small positive parameter and r͓v͔ is a functional of v. Since ͑2͒ has a second order derivative in t, the initial conditions must include one about v t (x,0) in addition to the one about v(x,0). We choose 
͑3͒
However, ͑1͒ and ͑2͒ are second order partial differential equations in time. The initial value problem under the condition ͑3͒, which is very different from that for the SNLS equation, 7 has never appeared in the literature. The purpose of this work is to find the perturbed solution of ͑2͒ under the initial condition ͑3͒. This work is arranged as follows:
͑1͒ The linearized equation for ͑2͒ is derived, and the squared Jost functions are shown to be solutions of this linearized equation by means of the Lax equations. ͑2͒ A 4ϫ4-matrix form of the linearized equation which has only a first order derivative in t is introduced to replace its original 2ϫ2-matrix form with a second derivative in t; ͑3͒ The two-component squared Jost functions are transformed into four-component ones. The four-component adjoint functions and the inner product are introduced. The orthogonality relations are then derived. ͑4͒ The expansion of the unity in terms of the four-component squared Jost functions is implied. ͑5͒ The secularity conditions are found and the adiabatic solution can be determined with them. ͑6͒ Finally, the effect of damping is discussed as an example.
A brief review of the inverse scattering transform for ͑1͒ is given in the Appendix. 
II. THE LINEARIZED EQUATION
where u a is the so-called adiabatic solution which has the same functional form as that of the exact soliton solution but the parameters involved may depend on t of the order of ⑀, which will be discussed in detail later. Here ⑀q is the remaining term up to the order of ⑀. 
͑7͒
The initial condition ͑3͒ turns to q͑x,tϭ0 ͒ϭ0, q t ͑ x,tϭ0 ͒ϭ0. ͑8͒
To find the perturbed solution of ͑2͒ under the initial condition ͑3͒ is equivalent to solving ͑7͒ under the initial condition ͑8͒. In order to solve ͑7͒, we need to find a complete set of solutions for its homogeneous version, i.e., ͑7͒ with a vanishing right hand side. From ͑A2͒ and ͑A3͒, the Lax equations of ͑1͒, we obtain [8] [9] [10] [11] 
͑10͒
in which w 1 and w 2 are components of a solution of the Lax equations, w, which can be chosen as those Jost functions, h(t,)
Ϫ1 (x,) ͑see the Appendix͒. That is, like the case of the SNLS equation, 8 solutions of the homogeneous version of ͑7͒ can be constructed with those so-called squared Jost functions W. We denote Wϭw‫ؠ‬w.
III. A TRICK TO TREAT THE SECOND ORDER DERIVATIVE IN T
If one can find a complete set of the squared Jost functions, solutions of ͑7͒ can be expanded in the complete set. However, owing to the fact that ͑7͒ and ͑9͒ have second derivatives in t, like the case of sine-Gordon equation, 10 it is more convenient to transform them into an equation having only a first derivative in t. Thus, equivalently, we rewrite ͑7͒ as
Similarly, ͑9͒ is transformed to
where ⌿͑x, ͒ϭ͑ ⌿͑x,
is a four-component squared Jost function with the additional third and fourth components:
͑17͒
It is obvious that at n , one of the zeros of a(),
where
Similarly, we have equations for other four-component squared Jost functions, ⌽(x,), ⌿ (x,) and ⌽ (x,), similar to ͑17͒-͑19͒.
Introducing
͑11͒ can be rewritten as ͕Ϫi‫ץ‬ t ϪL͑u ͖͒qϭR.
͑21͒

IV. ADJOINT FUNCTIONS AND INNER PRODUCTS
We now introduce adjoint functions and inner products. The essential point is that the inner product of a squared Jost function with its adjoint function is proportional to the ␦(ϪЈ) function in the continuous spectrum. [8] [9] [10] [11] Definition of the inner product is given by
We choose the adjoint function to be
where ⌽ 3 and ⌽ 4 are as in ͑15͒, replacing components of with those of . where and Ј should be considered as those approaching the real or the imaginary axis from the first or the third quadrant. The limit is considered as the Cauchy principal value
Hence the values of ͑27͒ at the upper and at the lower limits can be found. We thus find
It is obvious that ͗⌿͑ m ͉͒⌿͑ n ͒͘ϭ0.
͑30͒
Applying the operator d 2 /d 2 to ͑26͒, and setting ϭЈϭ n , we obtain
Integration leads to
͑32͒
Applying the operator ͕ d
Finally we obtain
Having defined ⌿ (x,)'s adjoint function in a similar way, we also have
Now we have the desired orthogonality relations.
V. THE EXPANSION OF THE UNITY
If the above squared Jost functions form a complete set, like the case of the SNLS equation, 8 a state q(x) can be expanded in terms of them:
By using the orthogonality relations we obtain
͑40͒
and similarly
͑42͒
Substituting them into ͑38͒, we obtain ␦͑xϪy ͒ϭ
͑43͒
This is the expansion of the unity in terms of the squared Jost functions.
VI. SECULARITY CONDITIONS
Suppose q in ͑21͒ can be expanded in the form of ͑38͒ ͑the coefficients may be dependent on t). Substituting it into ͑21͒ and performing the inner product with ⌿(x,)
A , ⌿(x, m ) A and
A from the left, respectively, by using the orthogonality relations, we obtain
Similarly, we also have
We can see that g n (t), f n (t), g n (t) and f n (t), the expansion coefficients of the discrete spectrum, may tend to infinity as t grows, unless the right hand sides of those relevant equations above vanish. In order to eliminate such leading secularities, modulations of those parameters characterizing soliton solutions must be so selected that the full source R͓u͔ is orthogonal to the entire discrete subspace. Explicitly, we demand [8] [9] [10] [11] ͗⌿͑ n ͉͒R͘ϭ0, ͗⌿ ͑ n ͉͒R͘ϭ0,
͑50͒
and ͗⌿ ͑ n ͉͒R͘ϭ0, ͗⌿ ͑ n ͉͒R͘ϭ0.
͑51͒
It is easy to show that ͑51͒ are just complex conjugates of ͑50͒ and are not independent of them. The so-called secularity conditions ͑50͒ become
They give 4N real conditions for the N-soliton case. In the N-soliton case, we have just 4N parameters. By means of these secularity conditions we can determine the time dependence of the parameters up to the order of ⑀ in the adiabatic solution. After determining the adiabatic solution, from ͑44͒ we can determine f () as a function of t. Finally, we can find q.
VII. A SINGLE SOLITON CASE
The secularity conditions ͑52͒ and ͑53͒ can be rewritten as
and S 2 ϭR 2 , ͑55͒
with
and R 1 and R 2 are obtained simply by replacing s͓u͔ with r͓u͔ from ͑56͒ and ͑57͒, respectively. For the single soliton solution,
where the parameter 1 ϭϩi. We assume 1 lies within the first quadrant without loss of generality, hence Ͼ0 and Ͼ0:
where x 1 and 0 are real constants. For the adiabatic solution, ,,x 1 , 0 may be dependent on t of the order of ⑀. We write
Simple algebra yields
Except unimportant factors ͑see Appendix͒ which can be dropped from both sides of ͑54͒ and ͑55͒, ⌽(x, 1 ) and ⌽ (x, 1 ) can be replaced by
respectively, where 
͑65͒
We obtain
͑67͒
VIII. EFFECT OF DAMPING
The perturbation term for damping is Ϫi⌫u 1 , and ⌫ can be chosen as the small parameter ⑀. That is,
We have
and
The secularity conditions ͑54͒ and ͑55͒ become Here 0 , 0 , x 1 and ␦ 0 are constants.
After determination of the adiabatic solution, the right hand side of ͑47͒ is given, and we can find f (t,) and then q(x,t). Finally, we obtain q(x,t).
IX. DISCUSSION
We have developed a direct perturbation theory for the perturbed UNLS equation. Because of the second order derivative in t, the perturbation theory is essentially different from that for the perturbed SNLS equation involving only the first derivative in t.
In a single soliton case, by substituting the explicit expressions of the Jost solutions into the right hand side of ͑43͒, like the case of dark solitons of SNLS, 12 we can see that it is indeed equal to ␦(xϪy). Hence the completeness relation ͑43͒ is shown in this case. However, for the multisoliton case the explicit expressions of the Jost solutions are very complicated so that it is impossible to substitute them into the right hand side of ͑43͒ and to show it is equal to ␦(xϪy). This problem will be discussed separately.
and ͑ ͒͑ x, ͒→E͑ x, ͒ as x→Ϫϱ; ͑A6͒ the monodromy matrix is introduced as well: Here c n and r(Ј) are the usual symbols. 2 The path of integration is ⌫ϭ͑0,ϩϱ ͒ഫ͑ 0,Ϫϱ ͒ഫ͑ iϱ,i0 ͒ഫ͑ Ϫiϱ,i0 ͒. ͑A11͒
͑4͒ By using the Lax equation ͑6͒, we can obtain the t dependence of scattering data in ͑12͒, Simply, the Jost functions (x,), etc., which are determined by only one of the Lax equations, can be extended to those to satisfy simultaneously the two Lax equations. For example, h͑t, ͒ ͑ x, ͒, h͑t, ͒ Ϫ1 ͑x,͒, h͑t, ͒ϭe it . ͑A12͒
The scattering data are replaced by r͑ ͒→r͑ ͒h͑ t, ͒ Ϫ2 , c n →c n h͑t, n ͒ Ϫ2 , ͑A13͒
etc. The soliton solutions correspond to a reflectionless potential and in this case the continuous spectrum disappears. The poles of the transmission coefficient a() Ϫ1 lie within the first or the third quadrants. However, it has been shown 13 that the forms of the soliton solutions depend on the absolute values of the imaginary part of these poles and the values of the real parts. Thus the soliton solutions of the UNLS equation can be obtained from those of the SNLS equation by simply interchanging x and t.
